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,Q WKLV SDSHU� ZH SUHVHQW D QRYHO DSSURDFK WR HVWLPDWH WUDpF VSHHG XVLQJ D VHTXHQFH RI
LPDJHV IURP DQ XQ�FDOLEUDWHG FDPHUD� :H DVVHUW WKDW H[DFW FDOLEUDWLRQ LV QRW QHFHVVDU\
WR HVWLPDWH VSHHG� ,QVWHDG� ZH XVH� ��� JHRPHWULF UHODWLRQVKLSV LQKHUHQWO\ DYDLODEOH LQ WKH
LPDJH� ��� VRPH FRPPRQ VHQVH DVVXPSWLRQV WKDW UHGXFH WKH SUREOHP WR D ��' JHRPHWU\�
��� IUDPH GLmHUHQFLQJ WR LVRODWH PRYLQJ HGJHV DQG WUDFN YHKLFOHV EHWZHHQ IUDPHV� DQG ���
SDUDPHWHUV IURP WKH GLVWULEXWLRQ RI YHKLFOH OHQJWKV� WR HVWLPDWH VSHHG�
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9LGHR ,PDJH 3URFHVVLQJ� &DOLEUDWLRQ� &DPHUD� 6SHHG 6HQVRU� 9HKLFOH /HQJWK 'LVWULEXWLRQ
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,PDJH SURFHVVLQJ WHFKQLTXHV KDYH EHHQ DSSOLHG WR WUDpF VFHQHV IRU D YDULHW\ RI SXUSRVHV�
LQFOXGLQJ� TXHXH GHWHFWLRQ� LQFLGHQW GHWHFWLRQ� YHKLFOH FODVVLnFDWLRQ� DQG YHKLFOH FRXQWLQJ
>�@� >�@� >�@� >�@� >�@� ,Q WKLV SDSHU� ZH SUHVHQW D QHZ DOJRULWKP WR HVWLPDWH VSHHG XVLQJ D
VHTXHQFH RI YLGHR LPDJHV IURP DQ XQ�FDOLEUDWHG FDPHUD� 7KLV ZRUN LV PRWLYDWHG E\ WKH ODUJH
QXPEHU RI URDGVLGH FDPHUDV LQVWDOOHG E\ '27
V WR REVHUYH WUDpF� 7KH FDPHUDV DUH W\SLFDOO\
QRW LQVWDOOHG LQ D PDQQHU WKDW WKH\ FDQ HDVLO\ EH FDOLEUDWHG� DQG WKH\ DUH W\SLFDOO\ XVHG E\
RSHUDWRUV ZKR FDQ WLOW� SDQ� DQG ]RRP XVLQJ D MR\VWLFN WR FKDQJH WKH FDPHUD FDOLEUDWLRQ�
7KH FRPELQDWLRQ RI PRYDEOH FDPHUDV DQG ODFN RI FDOLEUDWLRQ PDNHV HVWLPDWLQJ VSHHG IRU
XQ�FDOLEUDWHG FDPHUDV D FKDOOHQJH� 7KH WUDpF PDQDJHPHQW FRPPXQLW\ W\SLFDOO\ XVHV WLPH�
DYHUDJHG VSHHG HVWLPDWHV� DQG VR RXU DOJRULWKP LV GHVLJQHG WR FUHDWH D WLPH�DYHUDJHG VSHHG�
5HODWLYHO\ IHZ HmRUWV KDYH EHHQ PDGH WR PHDVXUH VSHHG XVLQJ YLGHR LPDJHV IURP XQ�

FDOLEUDWHG FDPHUDV� 6RPH SUHOLPLQDU\ UHVHDUFK RQ SL[HO VSHHG HVWLPDWLRQ LQ LPDJHV DSSHDUV
LQ >�@� ,Q SUHYLRXV ZRUN� IHZ HmRUWV ZHUH PDGH WR PDS SL[HO VSHHG WR JURXQG WUXWK VSHHG�
$ UHYLHZ RI WKH OLWHUDWXUH RQ VSHHG HVWLPDWLRQ XVLQJ FDPHUDV LQGLFDWHV WKDW PRVW DOJRULWKPV
HLWKHU XVH UHIHUHQFH LQIRUPDWLRQ LQ WKH VFHQH RU FUHDWH VXFK UHIHUHQFHV LQWHUDFWLYHO\� )RU
H[DPSOH� :RUUDOO >�@ UHSRUWV DQ LQWHUDFWLYH WRRO WR SHUIRUP FDPHUD FDOLEUDWLRQ LQ ZKLFK DQ
RSHUDWRU XVHV SDUDOOHO URDG PDUNV WR LGHQWLI\ YDQLVKLQJ SRLQWV DQG WKHQ SODFHV D UHFWDQJXODU
FDOLEUDWLRQ JULG RQ WKH LPDJH� )XUWKHU� LQ >�@ DQG >�@� VSHHG PHDVXUHPHQWV DUH PDGH XVLQJ
WKH NQRZQ SK\VLFDO GLVWDQFH EHWZHHQ WZR GHWHFWLRQ ZLQGRZV SODFHG RQ WKH URDG LPDJH E\ DQ



�RSHUDWRU� 6LPLODUO\� VHYHUDO RWKHU DXWKRUV >�@� >��@ VXJJHVW HVWLPDWLQJ VSHHG E\ SODFLQJ WZR
GHWHFWLRQ OLQHV� RI NQRZQ VHSDUDWLRQ� LQ WKH LPDJH DQG PHDVXULQJ WUDYHO WLPHV EHWZHHQ WKH
OLQHV� ,Q DGGLWLRQ� +RXNHV >��@ VXJJHVWV WKH VHOHFWLRQ RI � UHIHUHQFH SRLQWV IRUPLQJ D UHFWDQJOH
DQG SHUIRUPLQJ Rm�OLQH PHDVXUHPHQWV� $OO WKHVH PHWKRGV UHTXLUH WKH RSHUDWRU WR SHUIRUP D
FDOLEUDWLRQ SURFHGXUH EHIRUH VSHHG HVWLPDWLRQ FDQ EH XQGHUWDNHQ�
7KH JHQHUDO PRWLRQ SDUDPHWHUV HVWLPDWLRQ IURP 6DZKQH\ DQG $\HU >��@ DGGUHVVHG D PHWKRG

WR UHSUHVHQW YLGHR VFHQHV LQ D FRPSDFW ZD\� 7KLV PHWKRG PRGHOV D FRPSOLFDWHG VFHQH WR
DOORZ IRU IXWXUH TXHULHV DERXW PRWLRQ IHDWXUHV LQ YLGHR VHTXHQFHV ZLWKRXW SULRU NQRZOHGJH RI
FDPHUD FDOLEUDWLRQ� 0RGHO�EDVHG PD[LPXP OLNHOLKRRG HVWLPDWLRQ DQG �'��' PRWLRQ PRGHOV
DUH XVHG IRU PRWLRQ TXDQWLnFDWLRQ� ,Q WKH ZRUN SUHVHQWHG KHUH� WKH VFHQH GHVFULSWLRQ XVHV
D PXFK VLPSOHU PRWLRQ PRGHO DQG GRHV QRW UHTXLUH �'��' PRGHOV EXW LQVWHDG UHTXLUHV D
FDOLEUDWLRQ EHWZHHQ SL[HO GLVWDQFH DQG UHDO ZRUOG GLVWDQFH WUDYHOHG�
,Q WKLV SDSHU� LW LV DVVXPHG WKDW ZH KDYH QR FRQWURO RYHU FDPHUD PRYHPHQWV� DQG WKXV

FDQQRW GLUHFWO\ REWDLQ LQIRUPDWLRQ VXFK DV FDPHUD IRFXV� WLOW� RU DQJOH� ,W LV IXUWKHU DVVXPHG
WKDW WKH FDPHUD SDUDPHWHUV FDQ FKDQJH ZLWK WLPH� ,Q WKH ZRUN SUHVHQWHG KHUH� ZH DUH PRQ�
LWRULQJ FRQJHVWHG IUHHZD\V DQG KDYH QHLWKHU WKH DELOLW\ QRU WKH DXWKRULW\ WR VHW SHUPDQHQW
PDUNV RQ WKH URDG� *LYHQ WKLV VFHQDULR� ZH EHOLHYH RQ�OLQH FDOLEUDWLRQ LV D QHFHVVDU\ VWHS WR
HQDEOH WKH XVH RI WKH ODUJH� LQVWDOOHG EDVH RI 7UDpF 0DQDJHPHQW 6\VWHP �706� FDPHUDV�
:H DVVHUW WKDW H[DFW FDOLEUDWLRQ LV QRW QHFHVVDU\ WR HVWLPDWH WLPH DYHUDJHG VSHHG� ,QVWHDG�

ZH XVH� ��� JHRPHWULF UHODWLRQVKLSV LQKHUHQWO\ DYDLODEOH LQ WKH LPDJH� ��� VRPH FRPPRQ
VHQVH DVVXPSWLRQV �OLVWHG EHORZ� WKDW UHGXFH WKH SUREOHP WR D ��' JHRPHWU\� DQG ��� WKH
SDUDPHWHUV RI WKH GLVWULEXWLRQ RI YHKLFOH OHQJWKV� WR SURSRVH D QRYHO PHWKRG WKDW H[WUDFWV
VFDOH LQIRUPDWLRQ DQG HVWLPDWHV VSHHG�
7R GHVFULEH DQG GHPRQVWUDWH RXU VSHHG HVWLPDWLRQ VFKHPH� ZH nUVW UHYLHZ WKH DVVXPS�

WLRQV PDGH LQ IRUPXODWLQJ WKH DOJRULWKP� :H WKHQ GLVFXVV WKH LQGLYLGXDO VWHSV QHFHVVDU\ WR
HVWLPDWH VSHHG DQG SUHVHQW WKH GHWDLOHG VWHSV LQ WKH DOJRULWKP� )LQDOO\� ZH SUHVHQW VRPH
SUHOLPLQDU\ TXDQWLWDWLYH UHVXOWV RI WKH DOJRULWKP�

,,� 81'(5/<,1* $668037,216

7R FUHDWH DQ DOJRULWKP WR HVWLPDWH VSHHG IURP YLGHR LPDJHV� ZH PDNH VHYHUDO DVVXPSWLRQV
WR VLPSOLI\ WKH SUREOHP�
�� 7KH VSHHG RI WKH YHKLFOHV LV nQLWH� 7KH VSHHG RI D YHKLFOH KDV ERWK SK\VLFDO DQG OHJDO
OLPLWV�

�� 7KH YHKLFOH PRYHPHQW LV VPRRWK� 7KHUH DUH QR VXGGHQ FKDQJHV RI GLUHFWLRQ LQ WKH WLPH
LQWHUYDO ����PV� EHWZHHQ IUDPHV LQ WKH LPDJH VHTXHQFH�

�� 0RWLRQ LV FRQVWUDLQHG WR WKH URDG SODQH� 7UDFNLQJ RI YHKLFOHV LQ WKH LPDJH VHTXHQFH LV
D RQH GLPHQVLRQDO SUREOHP�

�� 7KH VFDOH IDFWRU �IHHW SHU SL[HO� YDULHV OLQHDUO\ DORQJ WKH GLUHFWLRQ RI YHKLFOH WUDYHO� :H
FRQVWUDLQ WKH YHKLFOHV WR EH PRYLQJ JHQHUDOO\ WRZDUG RU JHQHUDOO\ DZD\ IURP WKH FDPHUD�

�� 7KH OHQJWKV RI WKH YHKLFOHV LQ WKH LPDJHV DUH UHDOL]DWLRQV IURP D NQRZQ YHKLFOH OHQJWK
GLVWULEXWLRQ�

:LWK WKHVH DVVXPSWLRQV� WKH YHKLFOHV DUH WUHDWHG DV WKRXJK WKH\ WUDYHO LQ RQH GLPHQVLRQ
DORQJ D VWUDLJKW OLQH LQ WKH LPDJH� 7KH YHKLFOHV DUH WUDFNHG DFURVV WKHVH LPDJHV WR REWDLQ
VFDOH IDFWRUV WKDW HVWLPDWH WKH UHDO�ZRUOG GLVWDQFH UHSUHVHQWHG E\ SL[HOV DW YDULRXV ORFDWLRQV



�LQ WKH LPDJH� 8VLQJ D OLQHDU IXQFWLRQ WR nW WR WKH HPSLULFDO VFDOH IDFWRUV� LW LV SRVVLEOH WR
HVWLPDWH WKH UHDO�ZRUOG GLVWDQFH WUDYHOHG� &RPELQLQJ WKH GLVWDQFH WUDYHOHG ZLWK WKH NQRZQ
IUDPH UDWH DOORZV XV WR HVWLPDWH VSHHG� $Q DOJRULWKP WR SHUIRUP WKLV HVWLPDWLRQ LV SUHVHQWHG
LQ WKH QH[W VHFWLRQ�

,,,� $/*25,7+0 23(5$7,21

7R H[SODLQ WKH RSHUDWLRQ RI WKH DOJRULWKP� ZH LGHQWLI\ WKH EDVLF WDVNV QHFHVVDU\ WR HVWLPDWH
VSHHG IURP VHTXHQWLDO XQ�FDOLEUDWHG LPDJHV� 7KH WDVNV QHFHVVDU\ WR REWDLQ VSHHG IURP XQ�
FDOLEUDWHG LPDJHV DUH� ��� REWDLQ VHTXHQWLDO LPDJHV� ��� LGHQWLI\ WKH PRYLQJ YHKLFOHV LQ WKH
VHTXHQWLDO LPDJHV� ��� WUDFN WKH YHKLFOHV EHWZHHQ LPDJHV� ��� G\QDPLFDOO\ HVWLPDWH WKH VFDOH
IDFWRU LQ IHHW SHU SL[HO� DQG ��� HVWLPDWH VSHHG IURP GLVWDQFH WUDYHOHG DQG WKH LQWHUIUDPH
GHOD\� $Q RYHUYLHZ RI WKH PHWKRGRORJ\ IRU VWHSV RQH DQG WZR LV IRXQG LQ )LJXUH �
7KH DOJRULWKP RSHUDWHV RQ VHWV RI VHTXHQWLDO LPDJHV WDNHQ IURP '27 &&79 FDPHUDV� 7KH

LPDJHV XVHG LQ WKLV ZRUN DUH JUH\ VFDOH� ��� E\ ��� SL[HOV� VDPSOHG nYH WLPHV SHU�VHFRQG�
7KH UHVROXWLRQ DQG VDPSOH UDWH DUH VHOHFWHG WR SURYLGH VXpFLHQW GHWDLO LQ WKH LPDJH WR LGHQ�
WLI\ LQGLYLGXDO YHKLFOHV DQG WR FDSWXUH VHTXHQWLDO LPDJHV UDSLGO\ HQRXJK VR WKDW LQGLYLGXDO
YHKLFOHV FDQ EH WUDFNHG EHWZHHQ LPDJHV ZLWKRXW SDWWHUQ UHFRJQLWLRQ WHFKQLTXHV �H�J�� WKH
YHKLFOHV PRYH QR PRUH WKDQ DERXW RQH YHKLFOH OHQJWK EHWZHHQ LPDJHV��
7KH LPDJHV XVHG LQ RXU DOJRULWKP DUH WDNHQ IURP URDGVLGH &&79 FDPHUDV LQVWDOOHG E\

:DVKLQJWRQ 6WDWH '27 LQ WKHLU WUDpF PDQDJHPHQW UROH� 7KH '27 WUDQVSRUWV WKH YLGHR
IURP WKH URDGVLGH FDPHUDV WR WKH FRQWURO FHQWHU XVLQJ D GHGLFDWHG nEHU V\VWHP� ,Q WKH
FRQWURO FHQWHU� RSHUDWRUV FDQ SDQ� WLOW� DQG ]RRP WKH FDPHUDV XVLQJ D MR\VWLFN� 7KH FDPHUDV
DUH DFWLYHO\ EHLQJ XVHG IRU WUDpF PDQDJHPHQW DFWLYLWLHV� 1R FDPHUD FDOLEUDWLRQ LQIRUPDWLRQ
LV DYDLODEOH IRU WKHVH FDPHUDV� DQG LW LV WKH SXUSRVH RI WKLV ZRUN WR GHPRQVWUDWH WKDW WKH
LPDJHV IURP VXFK FDPHUDV FDQ EH XVHG DV DQ DOWHUQDWLYH VSHHG HVWLPDWH� 7KH YLGHR LV GLJLWL]HG
DW D UDWH RI nYH�IUDPHV SHU VHFRQG DQG VWRUHG LQ nOHV XVLQJ WKH -3(* LPDJH IRUPDW� 7KHVH
-3(* nOHV DUH WKH VHTXHQWLDO LPDJHV UHTXLUHG IRU VWHS RQH LQ WKH RXWHU ORRS RI WKH DOJRULWKP�
6HWV RI WKUHH VHTXHQWLDO LPDJHV DUH XVHG LQ WKH LQQHU ORRS RI WKH DOJRULWKP� 7KH OHIW VLGH RI
)LJXUH � VKRZV WKUHH H[DPSOH LPDJHV�
(DFK RI WKH LPDJHV LV nUVW PHGLDQ nOWHUHG� XVLQJ D �[� NHUQHO� WR UHPRYH KLJK IUHTXHQF\

QRLVH LQ WKH LPDJHV >��@� >��@ DQG WKHQ ZLQGRZ�OHYHO nOWHUHG WR HQKDQFH WKH LQWHQVLW\ UDQJHV
DQG DGMXVW WKH FRQWUDVW DQG EULJKWQHVV LQ WKH LPDJHV�
7R LGHQWLI\ WKH PRYLQJ YHKLFOHV LQ WKH LPDJHV� WKH QRQ�PRYLQJ EDFNJURXQG PXVW EH UH�

PRYHG� 7ZR EDVLF WHFKQLTXHV WR UHPRYH WKH VWDWLF EDFNJURXQG LQIRUPDWLRQ DSSHDU LQ WKH
OLWHUDWXUH� 7KH nUVW WHFKQLTXH REWDLQV D IUDPH ZLWK RQO\ WKH EDFNJURXQG WKDW FDQ EH VXE�
WUDFWHG IURP WKH IUDPHV LQ ZKLFK WKHUH DUH YHKLFOHV >��@� 7KLV IUDPH LV WKHQ XSGDWHG WR
PDWFK WKH FXUUHQW OLJKWLQJ OHYHOV >�@� 7KLV PHWKRG LV QRW RQO\ FRPSXWDWLRQDOO\ H[SHQVLYH�
EXW LW PD\ EH LPSRVVLEOH� RQ FRQJHVWHG IUHHZD\V� WR REWDLQ DQ LPDJH ZLWK WKH FRUUHFW OLJKWLQJ
OHYHO DQG ZLWK QR YHKLFOHV SUHVHQW� 7KH VHFRQG WHFKQLTXH XVHV VHTXHQWLDO IUDPHV WR SHUIRUP
IRUZDUG DQG EDFNZDUG GLmHUHQFHV EHWZHHQ WKH IUDPHV >��@� >��@� >��@� 9LHUHQ >��@ VXJJHVWV
XVLQJ LQWHUIUDPH GLmHUHQFHV ZLWK D GLmHUHQWLDO RSHUDWRU WR H[WUDFW PRYLQJ HGJHV�
7KH DOJRULWKP SUHVHQWHG KHUH XVHV LQWHUIUDPH GLmHUHQFHV DQG WKHQ DSSOLHV D 6REHO HGJH

GHWHFWRU �ODEHOHG 6REHO LQ )LJXUH �� WR WKH UHVXOWLQJ LPDJH� 7KH UHVXOWLQJ LPDJHV DUH WKUHVK�
ROGHG WR REWDLQ ELQDU\ LPDJHV� 7KH LPDJH LQ WKH XSSHU ULJKW RI )LJXUH � LV WKH ELQDU\ LPDJH



�WKDW UHVXOWV IURP DSSO\LQJ WKH 6REHO HGJH GHWHFWRU WR WKH GLmHUHQFH RI WKH WRS WZR LPDJHV
LQ WKH OHIW FROXPQ RI )LJXUH �� 7KH LPDJH LQ WKH ULJKW FHQWHU RI )LJXUH � LV WKH GLmHUHQFH
LPDJH WKDW UHVXOWV IURP WKH PLGGOH DQG ERWWRP LPDJHV LQ WKH OHIW FROXPQ� 7KHVH WZR ELQDU\
LPDJHV �WKH WRS DQG PLGGOH LPDJHV LQ )LJXUH �� DUH LQWHUVHFWHG WR REWDLQ D PRYLQJ HGJH
LPDJH DSSHDULQJ LQ WKH ORZHU ULJKW RI )LJXUH ��
([DPLQLQJ WKH ORZHU ULJKW LPDJH LQ )LJXUH � VKRZV WKDW ZKLOH ZH KDYH LGHQWLnHG WKH

PRYLQJ HGJHV� WKRVH HGJHV GR QRW PDNH FORVHG SRO\JRQV LGHQWLnDEOH DV LQGLYLGXDO YHKLFOHV�
7R RYHUFRPH WKLV SUREOHP DQG FUHDWH FORVHG FXUYHV� ZH XVH WZR PRUSKRORJLFDO RSHUDWLRQV� :H
HQKDQFH WKH PRYLQJ HGJH LPDJH E\ VHTXHQWLDOO\ DSSO\LQJ GLODWLRQ DQG HURVLRQ >��@� 'LODWLRQ RI
DQ REMHFW LV WKH WUDQVODWLRQ RI DOO RI LWV SRLQWV ZLWK UHJDUG WR D VWUXFWXUDO HOHPHQW IROORZHG E\
D XQLRQ RSHUDWLRQ� 'LODWLRQ LV DSSOLHG WR WKH ELQDU\ LPDJH WR FORVH WKH FXUYHV LQ WKH PRYLQJ
HGJH LPDJH� LW DOVR H[SDQGV WKH RYHUDOO VL]H RI WKH DUHD HQFORVHG� (URVLRQ LV WKHQ XVHG WR
VKULQN WKH REMHFW EDFN WR WKH RULJLQDO VL]H� ,Q WKH DOJRULWKP SUHVHQWHG� D �[� VWUXFWXUDO
HOHPHQW LV XVHG LQ VWHSV �I DQG �J WR SHUIRUP GLODWLRQ DQG HURVLRQ�
$IWHU WKH DSSOLFDWLRQ RI WKH PRUSKRORJLFDO RSHUDWRUV� WKH PRYLQJ HGJHV DUH nOOHG LQ WR FUHDWH

PRYLQJ EOREV� 7KHVH PRYLQJ EOREV UHSUHVHQW WKH YHKLFOH PRWLRQ LQ WKH LPDJHV� 3DVW ZRUN KDV
DVVHUWHG WKDW WKH FRQYH[ KXOO VXUURXQGLQJ D YHKLFOH LQ DQ LPDJH LV D JRRG DSSUR[LPDWLRQ RI
WKH SURMHFWLRQ RI D YHKLFOH LQ WKH LPDJH >��@� 7R FKDUDFWHUL]H WKH PRYLQJ EOREV� ZH FDOFXODWH
WKH FRQYH[ KXOO DQG FDOFXODWH WKH FHQWURLGV IRU WKH EOREV� 7KH DUHD RI HDFK EORE LV FDOFXODWHG
DQG LV LQGH[HG E\ WKH YHUWLFDO ORFDWLRQ RI LWV FHQWURLG LQ WKH LPDJH� 7KLV DUHD LV DQ LQGLFDWRU
RI EORE VL]H UHODWLYH WR LWV ORFDWLRQ LQ WKH LPDJH� ,Q WKH IROORZLQJ VWHSV� ZH XVH RQO\ EOREV
ZKRVH VL]H LV JUHDWHU WKDQ �[� SL[HOV EXW OHVV WKDQ WZLFH WKH DUHD IRU WKH W\SLFDO EORE LQ WKDW
DUHD RI WKH LPDJH�
+DYLQJ ORFDWHG D YHKLFOH LQ RQH LPDJH� WKH YHKLFOH LV WUDFNHG DFURVV LPDJHV E\ HQIRUFLQJ

FR�OLQHDULW\ RI WKH FHQWURLGV RI WKH FRQYH[ KXOOV� 7KH OHIW VLGH RI )LJXUH � SUHVHQWV D UHSUH�
VHQWDWLRQ RI WKUHH FRQYH[ KXOOV ZLWK FHQWURLGV �[
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LV XVHG WR LGHQWLI\ FR�OLQHDU FHQWURLGV DQG WUDFN D YHKLFOH� 7KLV FRPSOHWHV WDVNV RQH WKURXJK
WKUHH QHFHVVDU\ WR HVWLPDWH VSHHG�
7KH IRXUWK WDVN� PDNLQJ DQ HVWLPDWH RI WKH FDPHUD FDOLEUDWLRQ SDUDPHWHUV� LV FRPPRQ WR

PRVW WUDFNLQJ SUREOHPV XVLQJ FDPHUDV >��@� )LJXUH � VKRZV WKH JHRPHWU\ RI WKH SUREOHP�
:H GHnQH WZR FRRUGLQDWH V\VWHPV� 7KH nUVW LV D FDPHUD�VHQVRU FHQWHUHG FRRUGLQDWH V\VWHP
DV VKRZQ DW WKH WRS RI )LJXUH � ZKHUH WKH [
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SODQH LV SDUDOOHO WR WKH LPDJH SODQH� 7KH VHFRQG FRRUGLQDWH V\VWHP� DV VKRZQ DW WKH
ERWWRP RI �� LV DQ HDUWK n[HG V\VWHP ZKHUH WKH JURXQG SODQH LV GHnQHG E\ [
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�SDUDOOHO WR WKH JURXQG SODQH DQG WKDW WKH FDPHUD
V LPDJH D[LV RULHQWDWLRQ LV DW D GRZQ DQJOH
RI � ZLWK UHVSHFW WR WKH KRUL]RQWDO� 7R PDS EHWZHHQ WKH VHQVRU�FDPHUD FRRUGLQDWH V\VWHP
DQG WKH HDUWK FRRUGLQDWH V\VWHP� ZH LGHQWLI\ DQ DpQH WUDQVIRUPDWLRQ ZLWK D URWDWLRQ PDWUL[
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ZKHUH t LV UHODWLYH WR WKH [ D[LV LQ HDUWK FRRUGLQDWHV� :H DOVR GHnQH D VHW RI FRRUGLQDWHV O� Z� N
DORQJ WKHVH GLUHFWLRQV� $ GLmHUHQWLDO FKDQJH LQ SRVLWLRQ DORQJ WKH URDG LQ HDUWK FRRUGLQDWHV
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:H GHnQH WKH FRRUGLQDWHV LQ WKH LPDJH SODQH WR EH X DQG Y DQG DVVHUW D VLPSOH SHUVSHFWLYH
UHODWLRQVKLS >��@ EHWZHHQ WKH ��' ZRUOG DQG WKH LPDJH SODQH�
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ZKHUH E LV D VFDOLQJ FRQVWDQW� 8VLQJ WKHVH SHUVSHFWLYH UHODWLRQVKLSV DQG GLmHUHQWLDO FDOFXOXV
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�,Q WKLV ZRUN ZH PDNH WKH DVVXPSWLRQ WKDW WKH YHKLFOHV DUH WUDYHOLQJ JHQHUDOO\ WRZDUG RU DZD\
IURP WKH FDPHUD� 7KLV DVVXPSWLRQ DOORZV XV WR XVH WKH SURMHFWLRQ RI WKH YHKLFOH VL]H�PRWLRQ
RQ WKH Y D[LV DV WKH PHDVXUHPHQW RI LQWHUHVW� &RPELQLQJ HTXDWLRQV ���� ���� ��� DQG ���� ZH
FRQVWUXFW WKH GLmHUHQWLDO UHODWLRQVKLS EHWZHHQ PRWLRQ LQ WKH GLUHFWLRQ RI WKH URDGZD\ DQG
FKDQJHV LQ WKH Y GLUHFWLRQ LQ WKH LPDJH SODQH��
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,I WKH PHDQ YHKLFOH OHQJWK cxO� PHDQ YHKLFOH ZLGWK c xZ� DQG PHDQ YHKLFOH KHLJKW cxN� DV WDNHQ
IURP >��@� DUH XVHG ZLWK WKHVH GLmHUHQWLDOV� WKH SURMHFWLRQ RI D YHKLFOH RQ WKH URDGZD\ LQ WKH
Y GLUHFWLRQ LQ WKH LPDJH SODQH FDQ EH ZULWWHQ�
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WKDW GHSHQGV RQ E� K� t DQG � ZKLFK DUH DVVXPHG FRQVWDQW EXW DUH QRW REVHUYDEOH� :H GHnQH
WKH LQYHUVH RI WKH VFDOLQJ IXQFWLRQ ZH XVH WR PDS GLVSODFHPHQWV DORQJ WKH URDGZD\ WR SL[HOV
LQ WKH Y GLUHFWLRQ DV
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ZKLFK KDV DQ LQYHUVH TXDGUDWLF UHODWLRQVKLS ZLWK Y DQG D ELDV n DVVRFLDWHG ZLWK WKH WZR
ULJKWPRVW WHUPV LQ HTXDWLRQ ����� 7KH FDPHUDV LQ XVH DUH QRW FDOLEUDWHG EXW D SDUDPHWULF

�,I WKH YHKLFOHV DUH LQVWHDG PRYLQJ JHQHUDOO\ DFURVV WKH LPDJH� D VLPLODU GHYHORSPHQW LQ WHUPV RI #X
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LV SRVVLEOH�



�VWXG\ RI WKH IRUP RI HTXDWLRQ ���� DOORZV XV WR ERXQG RXU ELDV HUURU� 7R HYDOXDWH WKLV ELDV
ZH FUHDWH D IXQFWLRQ
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WKDW UHSUHVHQWV WKH IUDFWLRQ RI WKH VFDOLQJ IDFWRU E\ ZKLFK n ELDVHV RXU HVWLPDWH� )LJXUH �
SUHVHQWV UHSUHVHQWDWLYH VXUIDFHV FUHDWHG E\ WKLV IXQFWLRQ ZKHQ HYDOXDWHG ZLWK YDOXHV RI E DQG
K� HVWLPDWHG E\ KDQG DQG E\ :6'27 UHVSHFWLYHO\� DQG YDU\LQJ WKH YDOXHV RI m� � DQG Y�
(DFK RI WKH VXUIDFHV LV FUHDWHG DW D FRQVWDQW YDOXH RI m DQG X WKDW LQ WXUQ LPSOLHV D YDOXH
IRU t

t  DUFWDQ�
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7KHVH VXUIDFHV LQGLFDWH WKDW WKH ELDV WHUP FDQ KDYH VLJQLnFDQW HmHFWV RQ WKH UHVXOWV RI RXU
DSSUR[LPDWLRQ LI WKH PHDVXUHPHQWV DUH QRW UHVWULFWHG WR UHJLRQV RI WKH LPDJHV ZKHUH WKH
DSSUR[LPDWLRQ LV DFFHSWDEOH�
7KH DOJRULWKP LV FRQVWUDLQHG WR XVH YHKLFOHV IURP WKH LPDJH WKDW SURMHFW D OHQJWK RI DW

OHDVW VHYHQ SL[HOV LQ WKH Y GLUHFWLRQ� )LJXUH � VKRZV WKH VXUIDFH RI HTXDWLRQ ���� ZKLFK LV WKH
YHKLFOH SURMHFWLRQ LQ SL[HOV DORQJ WKH Y D[LV� 8VLQJ UHSUHVHQWDWLYH YDOXHV IURP HTXDWLRQ ����
ZH FDQ YLVXDOL]H WKH VHYHQ SL[HO FRQVWUDLQW LQ WKH ERWWRP SODQH RI )LJXUH �� 7KH GDUNHQHG
DUHD LV WKH FRPELQDWLRQ RI WKH YDULDEOHV LQ HTXDWLRQ ���� WKDW ZLOO SURGXFH DQ DFFHSWDEO\
ORQJ YHKLFOH LPDJH� 1HDU �  � DQG DERYH Y  � WKH VHYHQ SL[HO FULWHULD LV QRW PHW� WKLV
DUHD LV VKRZQ LQ ZKLWH LQ )LJXUH �� 7KH VHYHQ SL[HO FRQVWUDLQW DVVXUHV WKDW PHDVXUHPHQWV
IURP WKLV UHJLRQ ZLOO QRW EH XVHG DQG HOLPLQDWHV WKH FRQWULEXWLRQ RI WKH YHU\ ODUJH ELDV LQ
WKLV UHJLRQ� ,Q DGGLWLRQ� WKH UHTXLUHPHQW IRU WKH YHKLFOHV PRYLQJ WRZDUG RU DZD\ IURP WKH
FDPHUD UHVWULFWV WKH DFFHSWDEOH m YDOXHV WR ��R � m � ��R� :LWK WKHVH FRQVWUDLQWV WKH ELDV
LQWURGXFHG LV RI DFFHSWDEOH OHYHOV ZKHQ FRPSDUHG WR WKH RYHUDOO YDULDELOLW\ LQ WKH REVHUYHG
GDWD�
:H PDNH LQGLYLGXDO HVWLPDWHV RI WKH VFDOH IDFWRU �AT� DV WKH UDWLR RI WKH PHDQ YHKLFOH OHQJWK

�cxO� DQG WKH HVWLPDWH RI YHKLFOH SL[HO OHQJWK �cY�IURP WKH LPDJH� $ UHSUHVHQWDWLYH GDWD
VHW LV VKRZQ LQ )LJXUH �� 6XSHULPSRVHG RQ WKH GDWD VHW DUH WZR IXQFWLRQV� 7KH OLQH ZLWK
FXUYDWXUH LV WKH OHDVW VTXDUH EHVW nW RI WKH IXQFWLRQ
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WR WKH REVHUYHG VFDOH IDFWRU HVWLPDWHV� 7KLV IXQFWLRQ KDV WKH VDPH IRUP DV HTXDWLRQ ���� RU
WKH LQYHUVH RI HTXDWLRQ ����� 7KH VHFRQG OLQH LQ )LJXUH � LV RI WKH IRUP
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RU D OLQHDU DSSUR[LPDWLRQ WR WKH REVHUYHG VFDOH IDFWRU HVWLPDWHV� 7KH REVHUYHG HVWLPDWHV
KDYH D YDULDQFH ODUJHU WKDQ WKH GLmHUHQFH EHWZHHQ WKH WZR PRGHOV� 7KH ODUJHVW SRVVLEOH
FRQWULEXWLRQ IURP WKH TXDGUDWLF WHUP LQ HTXDWLRQ ���� LV OHVV WKDQ ��� RI WKH YDOXH ZKLFK



�LV VPDOOHU WKDQ WKH YDULDQFH� %DVHG RQ WKH FRPELQDWLRQ RI WKH YDULDELOLW\ RI WKH GDWD� ZKLFK
PDNHV WKH HVWLPDWLRQ RI KLJKHU RUGHU WHUPV RI TXHVWLRQDEOH YDOXH� DQG WKH RYHUDOO WUHQG LQ
WKH GDWD� ZH DVVHUW WKDW ZH FDQ DSSUR[LPDWH WKLV IXQFWLRQ XVLQJ D OLQHDU UHODWLRQVKLS�
7KH GLVWDQFH WUDYHOHG LV WKH LQWHJUDO RI WKLV IXQFWLRQ DORQJ WKH Y GLUHFWLRQ�
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WR HVWLPDWH WKH YHKLFOH VSHHG�
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7KLV SURYLGHV DQ HVWLPDWH RI VSHHG IURP XQ�FDOLEUDWHG FDPHUDV�
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7KH DOJRULWKP RSHUDWHV RQ D VHULHV RI DW OHDVW nYH VHTXHQWLDO LPDJHV� 7KH LQQHU ORRS
RSHUDWHV RQ VHTXHQWLDO JURXSV RI WKUHH LPDJHV WR FUHDWH RQH HQKDQFHG LPDJH �VHH )LJXUH ���
7KH RXWHU ORRS XVHV D VHTXHQFH RI HQKDQFHG LPDJHV WR HVWLPDWH VSHHG�
2XWHU /RRS
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�D� 0HGLDQ nOWHU DQG ZLQGRZ�OHYHO HDFK LPDJH�
�E� 'LmHUHQFH WKH nUVW DQG VHFRQG LPDJHV �,

L

b ,
L��
� DV ZHOO DV WKH WKLUG DQG VHFRQG

LPDJHV �,
L��

b ,
L��
� WR JHW WZR GLmHUHQFH LPDJHV�

�F� $SSO\ D 6REHO HGJH GHWHFWRU WR WKH GLmHUHQFH LPDJHV WR REWDLQ HGJH LPDJHV 6REHO�,
L��

b
,
L��
� DQG 6REHO�,

L

b ,
L��
��

�G� 7KUHVKROG WKH HGJH LPDJHV WR FUHDWH ELQDU\ LPDJHV�
�H� ,QWHUVHFW WKH WZR ELQDU\ LPDJHV WR REWDLQ WKH PRYLQJ HGJH LPDJH �0(�,

L��
�� IRU WKH

,
L��
LPDJH�

0(�,
L��
�  7KUHVKROG�6REHO�,

L��
b ,

L��
��

? 7KUHVKROG�6REHO�,
L

b ,
L��
���

�I� $SSO\ GLODWLRQ WR WKH PRYLQJ HGJH LPDJH�
�J� $SSO\ HURVLRQ WR WKH PRYLQJ HGJH LPDJH�
�K� ,GHQWLI\ WKH VHW RI SRLQWV &

M

�,
L��
� IRU WKH M FRQYH[ KXOOV LQ WKH PRYLQJ HGJH LPDJH

0(�,
L��
��

�L� &DOFXODWH FHQWURLG |�L � �� M�  �X� Y� IRU WKH MWK FRQYH[ KXOO LQ LPDJH ,
L��
�

�M� &DOFXODWH WKH VHW RI SRLQWV IRU WKH ERXQGLQJ ER[HV %
M

�,
L��
� IRU WKH M FRQYH[ KXOOV�

(QG RI WKH LQQHU ORRS
�� 6HOHFW VHWV RI FR�OLQHDU FHQWURLGV �|�L� �� M�� |�L� �� M�� |�L� �� M�� ��� |�1 b �� M�� LQ
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DQG LQFRUSRUDWH WKLV HVWLPDWH LQ WKH FROOHFWLRQ RI GDWD XVHG WR HVWLPDWH WKH VFDOH IDFWRU
IXQFWLRQ IURP HTXDWLRQ ����� 9HKLFOH GLPHQVLRQV DQG SHUFHQWDJH GLVWULEXWLRQ RI WUDpF
YROXPHV IURP >��@ DUH XVHG WR HVWLPDWH WKH PHDQ YHKLFOH OHQJWK�
(QG 2XWHU /RRS

�� 8VH WKH FROOHFWHG VHW RI VFDOH IDFWRU HVWLPDWHV WR HVWLPDWH WKH VORSH �P� DQG LQWHUVHFWLRQ
�E� RI WKH VFDOH IDFWRU IXQFWLRQ T�YMP� E� XVLQJ
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3UHOLPLQDU\ UHVXOWV RI DSSO\LQJ WKH DOJRULWKP WR LPDJHV IURP D YDULHW\ RI OLJKWLQJ FRQGLWLRQV
LQGLFDWH WKDW LW LV D YLDEOH DOWHUQDWLYH WR FDOLEUDWHG FDPHUDV� ZKHQ WKH UHJLRQ RI WKH LPDJH
XVHG WR HVWLPDWH VSHHG LV DSSURSULDWHO\ FRQVWUDLQHG� ,PDJHV IURP URDGVLGH FDPHUDV DUH XVHG
ZLWK DSSURSULDWH FRQVWUDLQWV WR REWDLQ VSHHG HVWLPDWHV VXLWDEOH IRU FRPSDULVRQ ERWK ZLWK
�JURXQG WUXWK� DQG LQGXFWDQFH ORRS VSHHG HVWLPDWHV�
7KH VSHHG HVWLPDWHV SUHVHQWHG KHUH DUH PDGH XVLQJ WKUHH SUDFWLFDO FRQVWUDLQWV� 7KH nUVW

FRQVWUDLQW LV WKDW RQO\ YHKLFOHV ZKRVH SURMHFWLRQ LV RYHU � SL[HOV LQ OHQJWK DUH XVHG� 7KH
VHFRQG FRQVWUDLQW LV WKDW RQO\ YHKLFOHV LGHQWLnHG LQ WKH ORZHU KDOI RI WKH LPDJH DUH XVHG IRU
VFDOH IDFWRU DQG VSHHG HVWLPDWLRQ� 7KH WKLUG FRQVWUDLQW LV WKDW WKH DSSDUHQW DQJOH RI WKH
URDGZD\ LQ WKH LPDJH EH ��� � m � ����



��7KH DOJRULWKP DFFXUDF\ LV HYDOXDWHG LQ WZR ZD\V� )LUVW� D JURXQG WUXWK HVWLPDWH RI WKH
YHKLFOH VSHHG LV FRPSDUHG WR WKH DOJRULWKP UHVXOWV� DQG VHFRQG� WKH WLPH DYHUDJH DOJRULWKP
UHVXOW LV FRPSDUHG WR HTXLYDOHQW LQGXFWDQFH ORRS VSHHG PHDVXUHPHQWV�
7KH JURXQG WUXWK VSHHG LV REWDLQHG E\ SODFLQJ FDOLEUDWLRQ OLQHV RQ WKH KLJKZD\ DQG PHD�

VXULQJ ?E\ KDQG� WKH WLPH IRU LQGLYLGXDO YHKLFOHV WR SDVV WKH VHTXHQWLDO KLJKZD\ PDUNLQJV
LQ VHTXHQWLDO LPDJHV� 7KLV JURXQG WUXWK LQGLYLGXDO YHKLFOH VSHHG FDQ WKHQ EH FRPSDUHG WR
WKH HVWLPDWHV GHULYHG IURP WKH DOJRULWKP�
7KH DOJRULWKP SUHVHQWHG KHUH GHSHQGV XSRQ XVLQJ WKH PHDQ RI D GLVWULEXWLRQ RI YHKLFOH

GLPHQVLRQV� $ VLQJOH YHKLFOH UHSUHVHQWV D UHDOL]DWLRQ IURP WKLV GLVWULEXWLRQ DQG QRW WKH
PHDQ� $V D UHVXOW� WKHUH ZLOO EH HUURUV LQ WKH HVWLPDWH RI DQ\ LQGLYLGXDO YHKLFOH VSHHG� ,I
VSHHG HVWLPDWHV DUH PDGH IRU D QXPEHU RI YHKLFOHV� WKH HUURUV LQ WKHVH HVWLPDWHV ZLOO KDYH
D GLVWULEXWLRQ� DQG WKH PHDQ RI WKLV GLVWULEXWLRQ ZLOO EH ]HUR LI WKH DOJRULWKP LV SHUIRUPLQJ
ZHOO�
)LJXUH � LV D KLVWRJUDP RI WKH HUURU EHWZHHQ WKH LQGLYLGXDO VSHHG HVWLPDWHV DQG WKH JURXQG

WUXWK YHKLFOH VSHHG IRU D VHULHV RI ��� LPDJHV RYHU IRUW\ VHFRQGV� 7KHVH UHVXOWV DUH IRU YHKLFOHV
EHLQJ WUDFNHG E\ WKH DOJRULWKP ZLWKRXW UHJDUG WR OLJKWLQJ HmHFWV� 7KH GLVWULEXWLRQ KDV ]HUR
PHDQ� DQG WKDW VXJJHVWV WKDW XVLQJ WKLV PHWKRGRORJ\ ZLWK D ODUJH QXPEHU RI YHKLFOHV ZLOO
DOORZ IRU DQ DFFXUDWH HVWLPDWH RI D PHDQ WUDpF VSHHG� 7KLV UHTXLUHPHQW IRU ODUJH QXPEHUV
RI YHKLFOHV WR JHW D PHDQ YDOXH LPSOLHV WKDW LW ZLOO WDNH �� VHFRQGV WR REWDLQ D VDPSOLQJ
ZLWK D VXLWDEOH QXPEHU RI YHKLFOHV� 7KLV WLPH IUDPH PDNHV WKH PHDVXUHPHQWV IURP WKLV
WHFKQLTXH DQDORJRXV WR WKH VSHHG PHDVXUHG XVLQJ WZHQW\ VHFRQG DYHUDJHG LQGXFWDQFH ORRS
PHDVXUHPHQWV�
7UDpF VSHHGV GHULYHG IURP LQGXFWDQFH ORRSV DUH DOVR FRPSDUHG ZLWK WKH DOJRULWKP HVWL�

PDWHV� 7KH LQGXFWDQFH ORRS VSHHGV FRPH IURP WKH 7UDpF 'DWD $FTXLVLWLRQ DQG 'LVWULEXWLRQ
�7'$'� GDWD PLQH �KWWS���ZZZ�LWV�ZDVKLQJWRQ�HGX�WGDG� ZKLFK FRQWDLQV GDWD IURP WKH
6HDWWOH PHWURSROLWDQ UHJLRQ� )LJXUH � LV D KLVWRJUDP RI WKH GLmHUHQFH EHWZHHQ WKH UHVXOWV RI
RXU VSHHG HVWLPDWLRQ DOJRULWKP DQG WKH WZHQW\ VHFRQG DYHUDJH ORRS VSHHG HVWLPDWH� )LJXUH �
LV FRQVWUXFWHG IURP ��� YLGHR VSHHG HVWLPDWHV� HDFK FUHDWHG IURP �� WKUHH�LPDJH VHTXHQFHV�
7KH VFDOH IDFWRU IXQFWLRQ XVHG IRU WKHVH HVWLPDWHV LV FUHDWHG IURP ��� VHTXHQFHV RI WKH DO�
JRULWKP FDSWXUHG MXVW EHIRUH WKH FRPSDULVRQ VHTXHQFH� 7KH PHDQ RI WKH GLmHUHQFH EHWZHHQ
WKH HVWLPDWHV LV � PLOHV SHU KRXU LQGLFDWLQJ D ELDV LQ RQH RI WKH HVWLPDWRUV� +RZHYHU� WKH
GHYLDWLRQ DERXW WKDW PHDQ LV UHODWLYHO\ V\PPHWULF� LQGLFDWLQJ WKDW WKH XQGHUO\LQJ SURFHVV
FUHDWLQJ WKH HVWLPDWHV� WKH YDULDELOLW\ RI VSHHG RQ WKH IUHHZD\� LV WKH VDPH� 7KH ELDV PD\ EH
SUHVHQW LQ HLWKHU HVWLPDWRU� KRZHYHU� QR JURXQG WUXWK FDOLEUDWLRQ OLNH )LJXUH � LV DYDLODEOH
IRU WKH ORRS GHWHFWRUV�
:H H[DPLQHG WKH UHODWLRQVKLS EHWZHHQ OLJKWLQJ FRQGLWLRQV DQG WKH HUURU LQ WKH HVWLPDWHV�

DQG LW KDV EHFRPH FOHDU WKDW WKH VKDGRZ HmHFWV DFFRXQW IRU WKH VHW RI HUURUV RYHU ��� LQ
WKH JURXQG WUXWK VSHHG HVWLPDWH� 5HFRQFLOLQJ WKH DOJRULWKP DJDLQVW OLJKWLQJ FRQGLWLRQV LV DQ
RQJRLQJ HmRUW�
7KLV SDSHU SUHVHQWV D QHZ DOJRULWKP WR HVWLPDWH VSHHG IURP XQ�FDOLEUDWHG� UHODWLYHO\ ORZ

UHVROXWLRQ FDPHUDV� 8Q�FDOLEUDWHG FDPHUDV DUH ZLGHO\ DYDLODEOH WR '27 RSHUDWRUV DQG FDQ
SURYLGH D YDOXDEOH� DGGLWLRQDO TXDQWLWDWLYH PHDVXUH IRU WUDpF RSHUDWLRQV DQG WUDYHOHU LQIRU�
PDWLRQ�
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7KLV ZRUN ZDV VXSSRUWHG E\ IXQGLQJ IURP:DVKLQJWRQ 6WDWH 'HSDUWPHQW RI 7UDQVSRUWDWLRQ
DQG 7UDQVSRUWDWLRQ 1RUWKZHVW �7UDQV1RZ�� D 86'27 8QLYHUVLW\ 7UDQVSRUWDWLRQ &HQWHU�
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)LJ� �� 7\SLFDO LPDJH VHTXHQFH �OHIW�� 6REHO HGJHV LQ WKH GLmHUHQFH
LPDJHV �ULJKW WRS WZR LPDJHV�� 0RYLQJ HGJH LPDJH IRU WKH PLGGOH
LPDJH RQ WKH OHIW FUHDWHG E\ LQWHUVHFWLQJ WKH GLmHUHQFH LPDJHV�
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